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Abstract
Second-, fourth- and sixth-order one-step methods have been constructed for the solution of wave propagation
problems. The method is based on the ﬁrst-order system formulation of the wave equation, and uses a staggered grid
both in space and time. Themethod is applied with good results to a problemwith discontinuous coefﬁcients without
using any special procedure across the discontinuity. The behavior of the truncation error has been investigated for
one-dimensional problems and stability criteria have been derived for one- and two-dimensional cases.
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1. The method
Wave propagation problems over long time intervals require high-order methods, and many such
methods have been constructed, see Refs. in [1–3]. However, to keep high-order accuracy also in time for
problems with variable coefﬁcients and with minimal storage, the methods quickly become complicated.
To achieve high accuracy in time, we use Taylor expansion and substitute time derivatives by space
derivatives using the differential equation. For the ﬁrst-order system form of the wave equation, we
obtain compact one-step methods that lead to a simple implementation for moderate orders of accuracy,
see [1–3], where schemes up to fourth order were considered. In this paper we also present a sixth-order
scheme and corresponding results.
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As a simple model problem, consider the one-dimensional formulation of the wave equation
pt = a(x)ux , (1)
ut = b(x)px (2)
and a staggered grid in both time and space. If a and b depend on x but not on t, the second-, fourth- and
sixth-order difference schemes can be expressed as
second order:
p
n+1/2
j+1/2 − pn−1/2j+1/2
k
= aj+1/2D+unj ,
un+1j − unj
k
= bjD−pn+1/2j+1/2;
fourth order:
p
n+1/2
j+1/2 − pn−1/2j+1/2
k
= aj+1/2(I + h2R1)D+unj ,
un+1j − unj
k
= bj (I + h2S1)D−pn+1/2j+1/2;
sixth order:
p
n+1/2
j+1/2 − pn−1/2j+1/2
k
= aj+1/2(I + h2R1 + h4R2)D+unj ,
un+1j − unj
k
= bj (I + h2S1 + h4S2)D−pn+1/2j+1/2,
where
R1 = 124(2D+bjD−aj+1/2 − D+D−),
S1 = 124(2D−aj+1/2D+bj − D+D−),
R2 = 1242 [D2+D2− − 2(D+bjD−aj+1/2D+D− + D+bjD2−D+aj+1/2 + D2+D−bjD−aj+1/2)]
+ 11920 (4D+bjD−aj+1/2D+bjD−aj+1/2 − D2+D2−),
S2 = 1242 [D2+D2− − 2(D−aj+1/2D+bjD+D− + D−aj+1/2D−D2+bj + D+D2−aj+1/2D+bj )]
+ 11920 (4D−aj+1/2D+bjD−aj+1/2D+bj − D2+D2−).
Here D+, D− are the standard forward and backward difference operators in space. Fig. 1 shows a part
of the staggered grid and indicates one possible location of the discontinuity in the coefﬁcients.
Methods of this type with arbitrarily high even order of accuracy both in space and time can be derived,
and they can be expected to have quite nice properties. Perhaps the most interesting problems are those
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Fig. 1. Part of the staggered grid with location of discontinuity.
where there are discontinuities in the material properties. The methods we develop are applied without
modiﬁcation across these inner boundaries. Even if the presence of discontinuities introduces ﬁrst-order
errors for all the schemes, the results are much improved by choosing a (formally) high-order version,
in particular for long time integrations. This is partly due to the nice stability properties. In fact, without
any assumptions on the coefﬁcients in the differential equation other than boundedness, there is a certain
norm that is conserved independent of time and the formulation of the difference methods facilitates the
derivation of the stability bounds.
2. Accuracy and stability
The accuracy of the second- and fourth-order schemes is analyzed in [2] by explicitly solving the
difference equations deﬁned by the methods, subject to periodic boundary conditions and allowing for
one location of discontinuity of the coefﬁcients somewhere in the interior of the domain of computation.
This analysis shows that a ﬁrst-order error is caused by the arbitrary position of the discontinuity, but that
the effect of long-time integration is of second- and fourth-order, respectively.
The stability of the second- and fourth-ordermethods is analyzed for the one-dimensional problem in [1]
and for a corresponding two-dimensional problem in a rectangular domain in [3]. Again, we use periodic
boundary conditions and derive sufﬁcient stability bounds using the energy method. As an example, the
stability requirement for the fourth-order method in one dimension is a restriction on the quotient of the
time and the space step,  = k/h, of the form

√
c1c2 <
√
12
13 +  ,
where
c1 = max
j
1
2 (
√
aj+1/2bj +
√
aj+1/2bj+1),
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c2 = max
j
1
2 (
√
aj+1/2bj +
√
aj−1/2bj )
and
 = max
j
max(
√
aj+3/2/aj+1/2 ,
√
aj−1/2/aj+1/2).
This shows that the size of the discontinuities in the coefﬁcients greatly inﬂuences the stability conditions
above. Note, however, that these are sufﬁcient conditions for stability, and can probably be relaxed.
3. Numerical results
Numerical computations have been made in one and two dimensions, using piecewise constant den-
sity and speed of sound. In the one-dimensional case, Eqs. (1) and (2) were solved in the domain
0x2 , 0 tT . The discontinuity is located at x = /2, and for convenience we are consider-
ing solutions that are periodic also in space. For that purpose, we introduce a second discontinuity at
x = 3/2 such that
((x), c(x)) =
{
(L, cL), {0x/2, 3/2x2}
(R, cR), /2<x < 3/2.
(3)
The parameters are
L = 0.55556, R = 1.00000,
cL = 0.87879, cR = 1.00000,
corresponding to sediment and water, respectively.
The initial solution is a right-going wave train of high frequency of the type sin(x) with  = 256 in
the interval −/2x/2. As long as 0 t < /2, the solution in the x-interval [0, ) is independent of
the discontinuity at x = 3/2, and an exact solution in closed form is known on the interval 0x.
Fig. 2 shows the error
n = max
j
|p(xj+1/2, tn+1/2) − pn+1/2j+1/2|
on the interval 0x as a function of time for the three methods of different order, for a case with step
h = 2/1920 in the x-direction, and a Courant number  = k/h = 0.8.
In two space dimensions, the equations are[
p
u
v
]
t
=
[0 a(x, y) 0
b(x, y) 0 0
0 0 0
][
p
u
v
]
x
+
[0 0 a(x, y)
0 0 0
b(x, y) 0 0
][
p
u
v
]
y
. (4)
These equations are solved in the square 0x2, 0y2. The coefﬁcients are now deﬁned with
their higher values R, cR inside an inner square, which can have a rotated position with respect to the
outer boundary. Again, periodic boundary conditions have been used in both the x- and the y-direction.
Fig. 3 shows the velocity in the y-direction, when a purely right-going wave train hits a square tilted 15◦
compared to the direction of the wave.
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Fig. 2. The error n as a function of time, =256, second-order method (-.-), fourth-order method (- -), sixth-order method (—).
Fig. 3. y-velocity for wave train hitting a tilted square.
Note that the 336 × 336 grid is Cartesian and aligned with the outer square, which means that the
fourth-order method is applied without change across the inner boundary which is not in alignment with
the grid.
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